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Abstract. In this paper, we investigate weak solutions of Cauchy problem for nonlinear parabolic
equations. By using Galerkin approximation, the existence and uniqueness of weak solutions
are proved.

1. Introduction

There are several problems in partial difffntial equations, of which classical solution is difficult to
solve. Different §Zroaches are needed to ensure the existence of a solution of the equations. One way
to determine the solution of a differential equation is to expand the space of solution wigkBh contains the
smooth solution and the non-smooth solution. The solution contained in this space is called a weak
solutiorffFR .

The existence of the weak solutifof nonlinear parabolic equations has been investigated in many
papers. Qiang ef al, [2] have shown the existence and some properties of the weak solution of nonlinear
parabolic equations without formulating it into abstract Cauchy problem.

In partial differential equations theory, some mathematical problems endowed by approprifle
conditions and spaces can be transformed into an abstract Cauchy problem. Many papers deal with the
Cauchy probldgfJfor nonlinear parabolic equations, [2-8]. Choe and Lee [4] explain the existence and
uniqufless of Cauchy problem for degenerate parabolic equations using Harnack estimate. Shang [6]
study the existence and nofkistence of local and global solutions of the Cauchy problem by a priori
estimate and compactness methods. The properties of the solutions of the Cauchy problem for non-
divergent form with density, appear in Rainbek@'s paper in 2015.

In this paper, we discuss the weak solution of the abstract Cauchy problem of nonlinear parabolic
equations

LfAu=fu)+o )
u(0) = up

where A is a continuous linear operator that does ndfldepend on time, 4 = -A and fis a continuous
fun@lon. We use Galerkin approximation [ 1] to show the existence of the weak solution.
For the proof, we use the following notation

¥ ={u € D(Q),divu = 0}
V = Closure from W in H} (Q)
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= (re ? S
H = Closure from W in L=(Q)

Let V and H be Hilbert spaces. V € H, V dense in H with injective dan continuous function. Scalar
product and norm of V and H are denoted by ((-)), [Ill (). || H is recognizable using its dual, H’
which can be identified using by a dense subspace V, hence

VcHcV'
Scalar product in of f € H and u € V given by
(fou)y=(f,u),VfEH, YueVv. 2

For every umn V
veV - ((u.v))E R
be a linear and continuous map in V. There exist an element in V' denote by Au such that
{Au,v) = ((u v)),Vv ev. 3)
where A: V — V' be a linear and continuous operator. A € L(V, V') define on V. so that 4 is a canonic
isomorfism of V on V',
Assuming that u is the solution to equation (1), with u € C2(Q). If v is element of W_ we obtain

() @) =0+ 60

From the continuity of equation (3), for each v € V apply
du d
(&) =g
It is the basis to form a weak solution to a problem in the equation (1). For f € L2(0,T; V") and the
given Uy € H, so will be determined u that fulfil
u € L*(0,T:V)
and
L (wv) + (W) =(f,v) +(5,v), Vv eV.
Then the problem (1) can be formulated as follows
u' +Au = f(u) + &8 untuk t € (0,T),
u(0) = uq.
Equation (2) is an equation distributed on V'. Based on (2), Equation (3) can be formulated as
u' = (f(uw) +8) — Au
d

E(u, v) ={(f(u) + &) — Au,v),Yv e V. 4
Since A linear operator and continuous from V to V' and u € L?(0,T: V), so that function Au is
found on L2(0,T: V"). Hence, (f (u) + &) — Au € L2(0, T: V") and from Equation (4) as well as Lemma
1 indicate that

u' @ L0, T:V").
In this case, a function should determine u € L?(0, T; V) N C°(0, T; H) in such a way that
U = Z—‘: € 12(0,T; V").

Lefima 1

Let Q be an open bounded set in R™, and g; 1s a sequence function on LP ({2) with
”gf”LP[o) <C foreach j € Z*
If g € LP(Q)) and g; — g almost in every point on g; — g di LP ().

[
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Theorem 1
Let X €c H < Y is Banach space, with X is reflexive space. Given that u,, is a limited uniform term

on L*(0,T; X) and % limited uniform on LP (0,T;Y), for p > 1. Then, a strong convergent sub term
exists on L2(0,T; H).

Lergpa 2

Let X is a reflexive Banach space and x;, is a limited-term X. Then, x,, has a weak convergent sub term

on X.
The following conditions will use throughout the paper

Assumption 1
f is a function of L2(0,T; V') fulfilling
—k—a|s]P < f(s)s <k —ay|s|P, p>2 (%)
flis)<L )
2. Result
Equation (1) fulfil an equation at L9(0,T; H~*(Q)), where q is conjugate pair at equation (5). Also (1)
fulfil similarity at LY(0, T; H~*(2)). hence for any v € L? (0, T; H*(2)) we have

d
G+, v) = (£, ) + (8, )

G0y + () = (f (W), v) +(8,v)
for almost each t € [0,T].
Using Sobolev embedding theorem, obtained rules
s=m(p—2)/2p

given p dependent on function given on eqffffion (5). If chosen m =1 or 2, then obtained s = 1, so that
the equation obtained in familiar space L9(0,T; H~1(Q)) or LI(0,T; V*(Q)).

Theorem 2 (Weak Solution)
Equation (1) and f is a function of C* fulfilling by assumption A, have a unique weak solution u for
any T > 0 and given uy € H with
u € L*(0,T: H3 (Q) N LP (Qr) And u € C°([0,T]: L*(Q))
in addition, 1y — u(t) continuous on L?(Q).

Proof:

First, assume that I” separated. Form independent linear sequence of complete elements V'
Wy, , Wy, Observe for any value of m can be defined as a form of approach solution u,,, for Equation
(1) defined as follows

n
um(t) = Z Jim Wi.
i=1

Function gjp,, 1 <i<m is a function of scalar defined in [0,T], and multiplication result of wj,
Equation (1) and u,,, obtained
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dupy,
(? + A, wi) = (f () + 6, wj)
duy,
(?-wj) + (A, wp) = (f (W), wp) + (8, wp)

(s 0p) + (s 0y)) = (F ), 0p) + (6, )
U (0) = ugy w; €V.
Ugm 18 orthogonal projection on H from u, in space spanned by wy, ..., w,.
Multiply Equation (7) with g, (¢) so that obtained
', 1) G jm (©) + (s 7)) Gjm (8) = (F (), 0} (&) + (8, ) g jm (£).

Then sum both term obtamed
> ' D@ ® + D (@) gm(® = D (F @) 0)gm () + ) (5,0 gjm ©).
Since Y wjgjm(£) = X gjm(O)w; = up (£). we have

(U (), um) + ((um-um)) = (f (), ) + (8, U ).
Since

d
2(wp' () um()) = Elum(t)lz
we obtain
1d 5 5
Ez'ulﬂ + = j fum) upy dx +J‘ Sup dx.
Q [y)
Using the Equation (5). we obtain

1d
5l + el < | k=g lulP dx +6 [ un dx
0 i)

1d
5z ol Nl = [ e = P -+ 18l ]
Q

Using Young inequality ab < %(a2 +b?)

1d 1
gz el 4 Nl < [ e = g P dx +5. 11 + it %)
Q

1d 1 1

Ealumlz + "um"2 = J‘Q k- 2% Ium [P dx +§|6|2 '|'§"um"2
1d 1 1
—— U2+ =lu,l? < f k — ay |up|P dx +=|5]2.
24¢ ™ 20 o " 2

Integrate both term from 0 to T
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1fd| tlzdt+leII B2 de

T T Tq
Sf J‘ kd.xdtfj J‘ azlum(t)lpdxdtJrf =182 dt
0o Ja 0o Ja 0 2

il 1 1 (T T 1
L T = S @12 42 f lum@®)l12 dt + f f sl (e, DI dx d < kT|Q| + = |6]2T
2 2 2), ) o 2

1 1T T 1 1
Z 1 +5 [ Mm@ de+ [ [ ol drde < 3 hugl? + k7101 + 1077
2 2), L Ja 2 2

Given |Q] is the measurement of (). |Q] = fﬂ dx. Based on the above inequality, we obtain

suplu, (T)I? < 2y

T
j (I < 2y
0

T
j j [y (x, )|P dx dt < y/a,
0 /0

where y = % lugl? + kTIQ| + %Iﬁ |?T. hence, based on the boundary, we can write
U, bounded uniform on L (0, T: H).
1, bounded uniform on L2(0, T: V).
Uy, bounded uniform on LP (7).

Sequence Uy, that is bounded uniform on LP (1) can be used to obtain the limit on a nonlinear function
of f(uy,) since

If) < BUsP™ + D).

From Equation (5), boundary on u, di LP (Q) can be used to obtain the boundary of f(u,,) on LY(Q+)
with (p, q) is a conjugate pair, hence

T
")F(um)llg-?(nﬂ = J;' (Jjn_ |f(um)|qu) dt

T a
IIf(um)IIfqu) < HJ; ((-[1 [up P~ + 1) dx) dt

T
Ilf (um) "EW(QT) = Cf (I |um|q(p_1) +1 dx) dt.
o \Ja
Since i + % = 1, such that g(p — 1) = p, then

f (i) bounded uniform on L9 (Q).

Furthermore, bounded uniform is required to derive equation (1). It is worth noted that both spaces
L2(0,T:V™)and L9(0, T; L9(Q)) contain continue on L9 (0, T; H™*()), with g < 2 karenap > 2. Then
use (4)
duy,
dt

=—Aup + Ppfup) + 6
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So that ‘t‘—tm bounded uniform on L4(0,T; H5(Q)).

Using Lemma 2 to derive a sub term with weak convergence, namely u,,
Uy, — uon L2(0,T: V)
Uy, — uon LP (Qr)
fQun) = x on L(Qr).
Applying compactness property on Theorem 1, an additional sub term can be defined as
Uy — u di L2(0,T: H). 8
It has been revealed previously that u,, bounded uniform on L2(0,T: H} () and also a;t—:“ bounded

uniform on L7(0,T; H=5(Q)). Since H () cc L?(Q) © H~5(Q) and H} (Q) is Hilbert space, so Hj ()
is reflexive. Therefore, we use compactness theorem to acquire (8)

In the next step, we prove the convergence of By, f (i,,) — x di L9(Qg).

f (P f (i) — ) pelxdt = f (f () — ) elxdt — f Qunf (i) pelxdt
Qrp iy Qp

for any given ¢ € LP (7). It has been revealed that the first part of the right term close to 0. For the
second part of the right term, we define function ¢ as

b= 4©)
=

Let @; € LP(0,T), ¢; € CZ(Q) dense on LP (Q7). So for function

| onfn) Y oty drde = | Faun) ) a@0ns, dxde
T j=1 T J=1

Because Q,,¢; — 0 di LP(Q) for each j. Hence, we can prove that P, f (,,,) is convergent.

The facts imply each of the equation found in space L?(0,T: V) N LP(Qy) is convergent on those dual
spaces. The dual space is L2(0,T: V*) n L9(Q;). Equation

GHAu=x. )

Fulfil similarity in this room. To make more clear, providing the fact that
L2(0,T: V) nLi(Qy) € LI(0,T: H™®).

Hence, it is absolute that Equation (9) fulfil similarity in that space.
Furthermore, we go on proving that ¥ = f(u). To do this, we use the weak convergence of u,, to u di
L?(Q7) and also Lemma 2. Since u,,, = u di L2(Q7), using the Lemma 1 to guarantee the existence of
sub term uy,; in such a way that u,;(x, t) — u(x, t) for each (x,£) € Qr.
So that by using the continuity of f, that f (un j(x, t)) = f(u(x,t)) for almost every (x,t) € Q along
the boundary on f(u,,) di L9(Qz) provided on Equation (7), we apply Lemma 1 to conclude that
f (unj(x. t)) - f(u(x,t)) di L7(Qg). From singularity of weak limits, cause y = f(u).
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To prove that solution u(t) continue from [0, T] on L2(Q), we investigate u(0, T: V) N LP (Qr), using
Theorem 1 to conelude u € €°([0,T1: L2(Q)).

To prove u(0) = ug, take ¢ € C1([0,T]; V) N LP(Q), with ¢(T) = 0. Notice that, ¢p € L*(0,T:V) n
LP(Qy). So that, by limiting equation

du
{E' v) + a(w,v) = {f(uw), v) + {5, v).

Implementing partial integral to variable ¢,

T T
fo (¢} + a(u, ) ds = fn (F(u()), @) + (6, $)ds + (u(0), $(0))

and applying Galerkin approach methods, we obtain

T T
f (e, ) + ity ) ds = f (Puf (um()), ) + (8, $)ds + (uo, $(0)).
0 0

ance Uy (0) = Bpuy — up we have u(0) = uy.
In order to prove the singularity of solution, Let 1y and vy be initial values on H. Then, form w(t) =
u(t) —v(t).
so that
Z—T+Aw =fw—fw). w()=u,—w,.

By multiplying it with w and integrating it along ., we obtain

1d , 8]
S WiZ + Iwll? = (FQ) = F@)u=w).

It is worth noted that the boundary on f’ is found in Equation (6). This prove that

6]
FW-fWhu-v)= J;l [?(u(x)) = f(r ()] (u(x) = v(x)) dx

u(x) [10]
(Fa) - F@)u—v) = ( | o T© ds) (u(x) — v())dx

< lu(x) — v(x)|*dx
<lu—v|?
hence

1
2 2
=— |w|* = llu —v|~
I (wl I |
we then integrate to acquire
[u(x) —v(x)| < lug — vole't.

We prove the singularity if’ 4y = vy an also depend on the continuity of the initial condition.
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